Abstract. We consider the initial boundary value problem for the phase transition traffic model introduced in [9] , which is a macroscopic model based on a 2 × 2 system of conservation laws. We prove existence of solutions by means of the wave-front tracking technique, provided the initial data and the boundary conditions have finite total variation.
1.
Introduction. This paper deals with the initial boundary value problem for the phase transition model introduced in [9] , consisting of the following 2 × 2 system of conservation laws:
where ρ is the traffic density, η is a generalized momentum and v = v(ρ, η) is the speed. This system is non-smooth since v(ρ, η) = min V max , η ρ ψ(ρ) is not a C 1 function; V max is a uniform bound on the speed and ψ is a decreasing function. The system in (1.1) belongs to the class of macroscopic second order traffic models, see [3, 23] , and it is characterized by two different phases: the Free one and the Congested one. A peculiarity of 2−phases models is the existence of a free regime where the single density characterizes the state of the system, while in congested regime it is necessary the use of two variables. Thus, in the free phase the model reduces to a single conservation law, the classical Lighthill-Whitham [20] and Richards [22] (LWR) model, where the speed is constantly equal to V max , while in the congested phase the model is a strictly hyperbolic system of two conservation laws, see Section 2. In 2002, Colombo proposed the first second order model with two phases, see [6, 7] . For other 2−phases and phase transition models see [4, 8, 17, 19, 21] .
In this paper we consider an initial boundary value problem for the model in (1.1) and we prove existence of solutions, provided the initial data and the boundary conditions have finite total variation. More precisely, we fix a, b ∈ R with a < b and ∂ t ρ + ∂ x (ρ v(ρ, η)) = 0 ∂ t η + ∂ x (η v(ρ, η)) = 0 if x ∈ (a, b), t > 0, (ρ, η) (t, a) = (ρ a (t), η a (t)) if t > 0, (ρ, η) (t, b) = (ρ b (t), η b (t)) if t > 0, (ρ, η) (0, x) = (ρ 0 (x), η 0 (x)) if x ∈ (a, b) .
(1.2)
The initial datum is (ρ 0 , η 0 ) : (a, b) → F ∪ C and the boundary conditions are (ρ a , q a ) : (0, +∞) → F ∪ C and (ρ b , q b ) : (0, +∞) → F ∪ C. The sets F and C, respectively the free and the congested phase, will be defined in the next section.
In [12] Garavello considered an IBVP for the phase transition model introduced in [4] . We remark here that the model in [9] , considered in this paper, and that one in [4] , although similar, are different. Indeed Riemann problems for the two systems are solved, in general, in a different way and with a different number of waves. Another difference relies in the derivation: the model in [4] is based on the two phases, the free and the congested, while in [9] the two phases are a consequence of the model by imposing the speed limit V max , see Remark 1.
In this paper we use the wave front tracking technique, that is we explicitly construct a piecewise constant approximate solution, we prove that there exists an uniform bound on a functional measuring the strength of the waves and then, we conclude with the existence of a solution obtained by a compactness argument. We remark that, as in [12] , the phase transition system with boundary considered in this paper is characteristic, since there are phase transitions waves with zero speed. In general, as usual in conservation laws, imposing characteristic boundary conditions is a delicate topic, see [1, 2, 11] and Remark 2.
The paper is organized as follows: in the next section we briefly recall the phase transition traffic model introduced in [9] . In Section 3, following the approach in [12] , we state and prove the main result concerning the boundary value problem; the proof is divided into three different subsections.
2. Description of the phase transition model. We recall at first the phase transition model introduced in [9] . This model has been derived as an extension of the LWR model, given by the following single conservation law:
where ρ is the traffic density and V = V (t, x, ρ) is a general speed. We assume that V = w ψ(ρ), where ψ is a decreasing function and w = w(t, x) is the maximal speed of each driver. Moreover, introducing a uniform bound V max on the speed, we get the following system:
where v = min {V max , w ψ(ρ)}. Note that the maximal speed w is a peculiar characteristic of (2.2), being a specific feature of every single driver. With the change of variable η = ρw we get the system in (1.1), where the conserved variables are ρ and η.
As in [9, 14] , we recall the following assumptions: (H-1): R,w,ŵ, V max are positive constants, with V max <w <ŵ.
is such that ψ(0) = 1, ψ(R) = 0, and, for every Figure 1 . The free phase F and the congested phase C resulting from (1.1) in the coordinates, from left to right, (ρ, η) and (ρ, ρv).
Here, R is the maximal possible density, typically R = 1;w, respectively,ŵ, is the minimum, respectively, maximum, of the maximal speeds of each vehicle. The latter condition means that waves of the first family in the congested phase C have negative speed.
In (1.1), the two phases, free and congested, are described by the sets
3)
represented in Figure 1 . Note that F and C are closed sets and F ∩ C = ∅. Note also that F is a one-dimensional manifold in the (ρ, ρv) plane of the fundamental diagram, while it is a two-dimensional manifold in the (ρ, η) coordinates.
We remark that, in the free phase F , the model (1.1) reduces to the degenerate linear system 5) while, in the congested phase C, it is given by
We recall also the eigenvalues, right eigenvectors, and Lax curves
,
Finally, we list the waves and the notations that we will use in the present paper.
• First family wave: a wave connecting a left state (ρ l , η l ) ∈ C with a right state (ρ r , η r ) ∈ C such that
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• Second family wave: a wave connecting a left state (ρ l , η l ) ∈ C with a right state (ρ r , η r ) ∈ C such that v (ρ l , η l ) = v (ρ r , η r ).
• Linear wave: a wave connecting two states in the free phase.
• Phase transition wave: a wave connecting a left state (ρ l , η l ) ∈ F with a right state (ρ r , η r ) ∈ C satisfying
We remark hare that model (1.1), considered in this paper, and that one in [4] , although similar, are different.
Both models are described by two intersecting phases: the free phase and the two-dimensional congested phase. Note however that, in the model (1.1) the free phase is two-dimensional in the conserved quantity coordinates (ρ, η).
The main diffference lies in the solution of the Riemann problem, in particular when the left state belongs to the free phase and the right state to the congested one. In this case the Riemann problem for model (1.1) is solved with at most two waves, while the Riemann problem for the model considered in [4] is solved with at most three waves. See [13, Proposition 3.1, Proposition 3.2].
Also the derivation of the two models is completely different: the construction of the model in [4] is done imposing a priori two phases, the free and the congested one, while in [9] the two phases are obtained as a consequence of the speed limit V max .
3. Main result. Before stating the main result, we introduce the definition of solution to the initial boundary value problem (1.2).
is a solution to (1.2) if 1. the function (ρ * , η * ) is a weak solution to (1.1), for (t, x) ∈ (0, +∞) × (a, b); 2. for a.e. t > 0, the function x → (ρ * (t, x), η * (t, x)) has bounded total variation; 3. for a.e. t > 0, the Riemann problem
4. for a.e. t > 0, the Riemann problem
admits a self similar solution (ρ,η) such that, for a.e. τ > 0,
Remark 2. The boundaries treated in this paper are characteristic, since there are phase transition waves with zero speed. Conditions 3 and 4 of Definition 3.1 are exactly the same as the boundary condition in the characteristic case in [1] .
We can now state the main result of the paper:
The proof is contained in the following subsections.
3.1. Wave-front tracking approximate solution. In this subsection we construct piecewise constant approximations via the wave-front tracking algoritm, which is a set of techniques to obtain approximate solutions to hyperbolic conservation laws in one space dimension. These tools were first introduced by Dafermos [10] , see also [5, 18] for the general theory. We show that every limit point is indeed a solution of the differential problem. The key estimate for compactness of the approximated solutions is a uniform bound of a functional measuring the strength of waves.
At first, we give the following definition of an ε-approximate wave-front tracking solution to (1.2). Definition 3.3. Given ε > 0, the mapū ε = (ρ ε ,η ε ) is an ε-approximate wave-front tracking solution to (1.2) if there existū a,ε = (ρ a,ε ,η a,ε ) andū b,ε = (ρ b,ε ,η b,ε ) such that the following conditions hold.
1
is picewise constant, with discontinuities along finitely many straight lines in (0, +∞) × (a, b). Moreover the jumps can be of the first family, of the second family, linear waves or phase transition waves. 3.ū a,ε andū b,ε are piecewise constant with a finite number of discontinuities.
It holds that
5. It holds that, for a.e. t > 0, the Riemann problem with initial condition
is solved with waves with negative speed. 6. It holds that, for a.e. t > 0, the Riemann problem with initial condition
is solved with waves with positive speed.
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We consider now three sequences (ρ 0,ν , η 0,ν ), (ρ a,ν , η a,ν ) and (ρ b,ν , η b,ν ) of piecewise constant functions with a finite number of discontinuities such that the following conditions hold.
3. the following inequalities hold
Next, for every ν ∈ N \ {0}, we proceed with the following method. At time t = 0, we solve all the Riemann problems for x ∈ (a, b) and the boundary Riemann problems at x = a and at x = b. At every interaction between two waves, we solve the corresponding Riemann problem and at every discontinuity time for (ρ a,ν , q a,ν ) or for (ρ b,ν , q b,ν ), we solve the corresponding Riemann problem at x = a or x = b. Finally, when a wave interacts with the boundary x = a or x = b, we solve the corresponding boundary Riemann problem.
Remark 3. We may assume that, at every positive time t, at most one of the following possibilities happens:
1. two waves interact together at a point x ∈ (a, b); 2. a wave interacts with the boundary x = a or with the boundary x = b; 3. t is a point of discontinuity either for (ρ a,ν , η a,ν ) or for (ρ b,ν , η b,ν ).
Given an ε-approximate wave-front tracking solutionū ε = (ρ ε ,η ε ) with boundary dataū a,ε = (ρ a,ε ,η a,ε ) andū b,ε = (ρ b,ε ,η b,ε ) in the union of the free phase F and the congested phase C, define, for a.e. t > 0, the following functionals
where, we denote byṽ the functionṽ(ρ, η) = ηψ(ω) ρ . Note that the previous functionals may vary only at times at which the boundary datum changes or at timest when two waves interact or a wave reaches the boundary.
The functional F(t) is composed by 4 terms. The first term measures the strength of waves of second family. The second term measures the strength of waves of first family and of phase transition waves. Moreover both of the first two terms measure the strength of linear waves. Finally, the last two terms measure the distance of the boundary term from the trace at the boundary of the approximate solution. 
Interaction estimates.
Next we consider interactions estimates of waves. We describe wave interactions by the nature of the involved waves, see [15, 16] . For example, if a wave of the second family hits a wave of the first family producing a phase-transition wave, we write 2-1/ PT . Here the symbol "/" divides the waves before and after the interaction. Proof. For simplicity, we define
We have four different cases. 1. The case 2-1/1-2. In this case, a wave ((ρ l , η l ), (ρ m , η m )) of the second family interacts with a wave ((ρ m , η m ), (ρ r , η r )) of the first family producing a wave ((ρ l , η l ), (ρ i , η i )) of the first family and a wave ((ρ i , η i ), (ρ r , η r )) of the second family. The only possible case is that all the states (ρ l , η l ), (ρ m , η m ), (ρ r , η r ) and (ρ i , η i ) are in the congested phase C, see Figure 2 , above, left. For the functional (3.1) we have
and (ρ i , η i ) belong to the Lax curve of the first family. Analogously w m = w r . Thus
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Analogously for the functional (3.2), we have that
Since ∆F a (t) = ∆F b (t) = 0, we have that ∆F(t) = 0. 2. The case LW-PT /PT -2. In this case, a linear wave ((ρ l , η l ), (ρ m , η m )) interacts with a phase transition wave ((ρ m , η m ), (ρ r , η r )) producing a phase transition wave ((ρ l , η l ), (ρ i , η i )) and a wave ((ρ i , η i ), (ρ r , η r )) of the second family. The only possible case is that the states (ρ l , η l ), (ρ m , η m ) are in the free phase F and the states (ρ i , η i ), (ρ r , η r ) are in the congested phase C, see Figure 2 , above, right. For the functional (3.1) we have
Similarly as before, w l = w i and w m = w r . Thus
For the functional (3.2), we have that
Since v i = v r , and by the triangular inequality:
Since ∆F a (t) = ∆F b (t) = 0, we have that ∆F(t) ≤ 0. 3. The case 1-1/1. In this case, a wave ((ρ l , η l ), (ρ m , η m )) of the first family interacts with another wave ((ρ m , η m ), (ρ r , η r )) of the first family producing again a wave ((ρ l , η l ), (ρ r , η r )) of the first family. The only possible case is that all the states (ρ l , η l ), (ρ m , η m ), (ρ r , η r ) are in the congested phase C, see Figure 2 , below, left. For the functional (3.1) we have
For the functional (3.2), by the triangular inequality we have that
Since ∆F a (t) = ∆F b (t) = 0, we have that ∆F(t) ≤ 0. 4. The case PT -1/PT . A phase transition wave ((ρ l , η l ), (ρ m , η m )) interacts with a wave ((ρ m , η m ), (ρ r , η r )) of the first family producing a phase transition wave ((ρ l , η l ), (ρ r , η r )). The only possible case is that the state (ρ l , η l ) is in the free phase F and the states (ρ m , η m ), (ρ r , η r ) are in the congested phase C, see Figure 2 , below, right. For the functional (3.1) we have
since w l = w m = w r . For the functional (3.2) , by the triangular inequality we have that
Since ∆F a (t) = ∆F b (t) = 0, we have that ∆F(t) ≤ 0.
The proof is thus completed.
Lemma 3.5. Assume that the wave ((ρ l , q l ), (ρ r , η r )) interacts with the boundary at the point (t, a), witht > 0. Then F(t+) ≤ F(t−). The only possible interaction, producing one wave, is 1/PT .
Proof. First note that ∆F b (t) = 0, since the interaction happens at x = a. Moreover, since the boundary Riemann problem does not generate waves, then the states (ρ a,ε ,η a,ε )(t) and (ρ l , η l ) are connected through waves with negative speed. For simplicity, we use the notations in (3.6), moreover we define
We have the following cases.
1. The case (ρ a,ε ,η a,ε )(t) = (ρ l , η l ). Since the wave ((ρ l , η l ), (ρ r , η r )) has negative speed, then, at timet, it is absorbed and no other wave is generated. If ((ρ l , η l ), (ρ r , η r )) is a wave of the first family or a phase transition wave with negative speed, anyway we have
2. The case when the states (ρ a,ε ,η a,ε )(t) and (ρ l , η l ) are connected by a wave of the first family.
In this situation both the states (ρ a,ε ,η a,ε )(t) and (ρ l , η l ) are in the congested phase C and so the interacting wave also is of the first family; at timē t, it is absorbed and no other wave is generated.
Thus we have ∆F w (t) = 0, ∆Fṽ(t) = − v l − v r and ∆F a (t) = |v a,ε − v r |− v a,ε − v l . Then, by the triangular inequality
3. The case when the states (ρ a,ε ,η a,ε )(t) and (ρ l , η l ) are connected by a phasetransition wave with negtive speed.
In this situation the state (ρ a,ε ,η a,ε )(t) is in the free phase F and (ρ l , η l ) is in the congested phase C and so the interacting wave is of the first family. The only possible cases are that no wave is produced at timet or a phase transition wave is produced at timet.
In the case no wave is produced at timet, the situation is analogous to the previous case.
In the case a phase transition wave with positive speed, connecting the states (ρ a,ε ,η a,ε )(t) to (ρ r , η r ), is produced at timet, then (ρ a,ε ,η a,ε )(t) is in the free phase F and (ρ r , η r ) is in the congested phase C. Thus we have that ∆F w (t) = 0, ∆Fṽ(t) = |v
Lemma 3.6. Assume that the wave ((ρ l , η l ), (ρ r , η r )) interacts with the boundary at the point (t, b), witht > 0. Then F(t+) ≤ F(t−). The only possible interaction, producing one wave, is LW/PT .
Proof. First note that ∆F a (t) = 0, since the interaction happens at x = b. Moreover, since the boundary Riemann problem does not generate waves, then the states (ρ a,ε ,η a,ε )(t) and (ρ l , η l ) are connected through waves with positive speed. For simplicity, we use the notations in (3.6), (3.7). We have the following cases.
1. The case (ρ r , η r ) = (ρ b,ε ,η b,ε )(t). Since the wave ((ρ l , η l ), (ρ r , η r )) has positive speed, then, at timet, it is absorbed and no other wave is generated.
If ((ρ l , η l ), (ρ r , η r )) is a wave of the second family, we have ∆Fṽ(t) = 0, ∆F w (t) = − w l − w r and ∆F b (t) = w l − w r . Consequentely
) is a phase transition wave with positive speed, we have ∆F w (t) = 0, ∆Fṽ(t) = − v l − v r and ∆F b (t) = v l − v r . Consequentely ∆F(t) = 0 .
2. The case when the states (ρ r , η r ) and (ρ b,ε ,η b,ε )(t) are connected by a wave of the second family.
In this situation both the states (ρ r , η r ) and (ρ b,ε ,η b,ε )(t) are in the congested phase C and the interacting wave could be a wave of the second family or a phase transition with positive speed.
If the interacting wave is of the second family, then no wave is generated at timet. Thus we have ∆Fṽ(t) = 0, ∆F w (t) = − w l − w r and ∆F b (t) = w l − w b,ε − w r − w b,ε . Then, ∆F(t) ≤ 0 .
If the interacting wave is a phase transition wave with positive speed, then no wave is generated at timet. Thus we have ∆F w (t) = 0, ∆Fṽ(t) = − v l − v r and ∆F b (t) = v l − v r + w r − w b,ε − w r − w b,ε . Then, ∆F(t) = 0 .
3. The case when the states (ρ r , η r ) and (ρ b,ε ,η b,ε )(t) are connected by a phase transition wave with positive speed.
In this situation the state (ρ r , η r ) is in the free phase F and the state (ρ b,ε ,η b,ε )(t) is in the congested phase C and so, the interacting wave is a linear wave.
In this case a phase transition wave with negative speed between the states (ρ l , η l ) and (ρ b,ε ,η b,ε )(t), possibly followed by a wave of the second family between the states (ρ b,ε ,η b,ε )(t) and (ρ b,ε ,η b,ε )(t), are generated at timet. Following the usual notations, define v a,ε =ṽ (ū a,ε (t)) and w a,ε = w (ū a,ε (t)).
Then ∆F w (t) = − w l − w r , ∆Fṽ(t) = v The above inequality states that the functional TV ((ρ ε ,η ε )(t, ·)) is uniformly bounded for a.e. t > 0. Hence, up to a subsequence, it converges to a function (ρ,η), which is a solution to (1.2) in the sense of Definition 3.1. The proof is so concluded.
